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Thermodynamics

All relevant thermodynamic relations can be derived from the first law:

dE = TdS − PdV (1)

For instance using S and V as independent variables we get

T =
∂E

∂S

∣∣∣∣
V

, P = − ∂E

∂V

∣∣∣∣
S

(2)

Helmoltz free energy
F = E − TS (3)

Gibbs free energy
G = E − TS + PV (4)

Euler relation
E = TS − pV + µN (5)

Random walks, Diffusion and Polymers

End-end vector of a random walk:

〈~R〉 = 0 〈~R2〉 = a2N (6)

Diffusion equation:
∂P (~R, t)

∂t
= D∇2P (~R, t) (7)

Solution in d-dimensions (gaussian):

G~R0
(~R, t) =

(
1

4πDt

)d/2
e
−

(~R− ~R0)
2

4Dt (8)
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The drift-diffusion equation

∂c(x, t)

∂t
= −∂jtot

∂x
= D

∂2c(x, t)

∂x2
+

1

γ

∂

∂x

[
c(x, t)

dV

dx

]
(9)

Using the Einstein relation (D = kBT/γ) we can write the drift-diffusion equation in
a more compact form

∂c(x, t)

∂t
= D

∂

∂x

[
e−βV (x) ∂

∂x

(
eβV (x)c(x, t)

)]
(10)

End-end distance self-avoiding walks

〈~R2〉 ∼ a2N2ν (11)

Flory exponent in d ≤ 4 dimensions

ν =
3

2 + d
(12)

General formalism of Classical Statistical Mechanics

Hamiltonian

H(Γ) =
N∑
i=1

~p2i
2m

+ Φ(~q1, ~q2 . . . ~qN) (13)

Equilibrium average of an observable

〈A(Γ)〉 =

∫
dΓρ(Γ)A(Γ) (14)

Microcanonical ensemble

ρ(Γ) =
δ(E −H(Γ))

ω(E,N, V )N !h3N
(15)

Microcanonical density of states 1

ω(E,N, V ) =

∫
dΓ

N !h3N
δ (E −H(Γ)) (16)

Ω(E,N, V ) =

∫
dΓ

N !h3N
θ (E −H(Γ)) (17)

ω(E,N, V ) =
∂Ω(E,N, V )

∂E
(18)

Entropy:
S(E,N, V ) = kB logω(E,N, V ) (19)

1Note that in this formula and also in the Canonical partition function (21) there is a N !; this
factor accounts for the degeneracy in the counting and it has a quantum mechanical origin. It should
be used only in systems where particles are indistinguishable.
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Canonical ensemble

ρ(Γ) =
e−βH(Γ)

N !h3NZ(N, V, T )
(20)

with β = 1/(kBT ). Partition function:

Z(N, V, T ) =

∫
dΓ

N !h3N
e−βH(Γ) (21)

Integration over momenta

Z(N, V, T ) =
Q(N, V, T )

N !λ3NT
(22)

thermal wavelength

λT =
h√

2πmkBT
(23)

Relation with canonical ensemble

Z(N, V, T ) =

∫
dE e−βEω(E,N, V ) (24)

Connection with thermodynamics

F = E − TS = −kBT logZ (25)

Grandcanonical ensemble

ρ(Γ, N) =
e−βH(Γ)eβµN

N !h3NΞ(µ, V, T )
(26)

Grand canonical partition function

Ξ(µ, V, T ) =
∑
N

eβµNZ(N, V, T ) (27)

Connection with thermodynamics

pV

kBT
= log Ξ(µ, V, T ) (28)

Equipartition Theorem 〈
xr
∂H
∂xs

〉
= kBTδrs (29)

Law of mass action

For a reaction
B1 +B2 
 2B3 (30)

the law of mass action takes the form:

[B3]
2

[B1][B2]
= Keq(T ) =

(
λ1λ2
λ23

)3

e−β∆F (31)

with ∆F internal free energies difference
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Interacting Systems

Virial theorem

p =
NkBT

V
− 1

3

N∑
i,j=1

〈
~qi · ~Fij

〉
= nkBT −

n2

6

∫
r
dφ(r)

dr
g(r)d~r (32)

with ~Fij force exerted by particle j on particle i, φ(r) interparticle potential2 and where
the pair correlation function g(ρ)

n(2) (~r, ~r + ~ρ) =

〈
N∑
i=1

δ (~r − ~qi)
N∑
j 6=i

δ (~r + ~ρ− ~qj)

〉
= n2g(ρ) (33)

Virial expansion
p = nkBT

(
1 + b2n+ b3n

2 + . . .
)

(34)

Second virial coefficient

b2 ≡ −
1

2

∫
d~r
(
e−βφ(r) − 1

)
(35)

Bogoliubov inequality - Given H = H0 +H1:

F ≤ F0 + 〈H〉0 (36)

van der Waals model

p =
NkBT

V −Nb
− aN2

V 2
(37)

Critical exponents
δp ∼ (δv)δ

δv ∼ (δt)β

κT ∼ |δt|−γ

cV ∼ |δt|−α
(38)

Critical exponents

α β δ γ
van der Waals 0 1/2 3 1
gas/liquid 0.13 0.33 4.8 1.24

2for spherically symmetric interactions.
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Ising model

H = −J
∑
〈i,j〉

sisj −H
∑
i

si (39)

magnetization

M =
∑
k

〈sk〉 =
1

Z

∑
{si}

ske
−βH({si}) (40)

Spontaneous magnetization in 2d (exact)

m0(T ) =

[
1− sinh−4

(
2J

kBT

)]1/8
(41)

Critical temperatures

d = 1 (z = 2) d = 2 (z = 4) d = 3 (z = 6)

Mean Field kBTc = 2J kBTc = 4J kBTc = 6J
Exact Tc = 0 kBTc = 2.269J kBTc = 4.5J

Spontaneous magnetization (H = 0)

m0(T ) ∼ (Tc − T )β (42)

Specific heat:
c ∼ |T − Tc|−α (43)

Magnetic susceptibility:

χ =
∂M

∂H
∼ |T − Tc|−γ (44)

Magnetic field (T = Tc)
H ∼ |M |δ (45)

Correlation function

G(2)(~x, ~y) = 〈(s~x − 〈s〉) (s~y − 〈s〉)〉 ∼ e
−|~x− ~y|

ξ (46)

correlation length
ξ ∼ |Tc − T |−ν (47)

Correlation function at T = Tc

G(2) ∼ 1

rd−2+η
(48)

Critical exponents
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α β γ δ ν α + 2β + γ β(δ − 1)

Mean Field 0 1/2 1 3 1/2 2 1

2d 0 1/8 7/4 15 1 2 7/4

3d 0.11 0.32 1.24 4.8 0.68 1.99 1.22

Relations between exponents
α + 2β + γ = 2 (49)

γ = β(δ − 1) (50)
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Quantum Statistical Mechanics

Quantum partition function (canonical):

Z =
∑
α

e−βEα (51)

Identical particles (upper sign Bosons and lower Fermions)

pV

kBT
= log Ξ = ∓

∑
γ

log
(
1∓ eβ(µ−εγ)

)
(52)

E = − ∂ log Ξ

∂β

∣∣∣∣
βµ

=
∑
γ

εγ
eβ(εγ−µ) ∓ 1

=
∑
γ

〈nγ〉εγ (53)

Free particles (3d)

pV

kbT
= ± V

λ3T

+∞∑
l=1

(±1)l
zl

l5/2
(54)

nλ3T = ±
+∞∑
l=1

(±1)l
zl

l3/2
. (55)

Low density expansion:

p = nkBT

(
1∓ nλ3T

4
√

2
+ . . .

)
(56)

Bose Einstein condensation (3d)

nλ3T =
λ3T
V

z

1− z
+

+∞∑
l=1

zl

l3/2
(57)

Blackbody energy:

E =

∫ ∞
0

dω
g(ω)~ω
eβ~ω − 1

=
V k4BT

4

π2c3~3

∫ ∞
0

x3 dx

ex − 1
=

V ~
15c3

(
kBT

~

)4

(58)

(the integral in x can be calculated exactly and gives π2/15).
Ground state fermions:

E0 =

∫ εF

0

εg(ε) dε (59)

lim
T→0

p =
1

V

∫ εF

0

dεg(ε)(εF − ε) = p0 > 0 (60)

Low temperature behavior

E = E0 +
π2

6
g(εF )(kBT )2 + . . . (61)
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