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Phenomenological description of a nucleus

What do you know about the nucleus?
you 3

List as many properties as you can.

Phenomenological description of a nucleus

spoiler prevention

Spread in nuclear properties

F 4 spoiler prevention
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nuclear electric
multipole moments
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electric nuclear multipole moments

... can be written as a sum of
multipole contributions :

electric o

monopole

A charge distribution of a
general shape...

()

electric

—

+
< o dipole
(zero for nuclei)
+ Excercise: convince yourself that
a dipole has no monopole moment,
and that a quadrupole has no
monopole and dipole moments.

electric
quadrupole o o
Not necessarily uniform: for anyr*) and# ,p(71) andp(72) °/

need not to be identical. 2

electric nuclear multipole moments

Derivation in cartesian form : see pdf-pages

Derivation in spherical form : 1 ;
« general formula: g R e & gy
« far-field case: see pdf-pages

Interpretation of monopole and quadrupole moments.

Different ways of representing the 5 degrees of freedom of the quadrupole moment tensor:
« As traceless and symmetric 3x3 matrix

Que Quy Qu
Quy Quy Qy Qs+ Quy +Q 0
Qi Qe Q

« As 5 components of a spherical tensor of rank 2

« As a combination of both ¥ Varv

electric nuclear multipole moments

Exercise :
Apply the general ions to calculate the dipole and g ol of
this point charge configuration (2D) :  and this one (3D) : and this one (3D) :
2a 2a
©o a0
a a R(8) a (1 + 3YF(8)
(69 & = 02 )

approximate shape of a nucleus:
average radius and quadrupole deformation

The nucleus spins fast about its I-axis =» in axis system with z // | we have axial symmetry
g 0 0
0 -2 0

]

0o 0 Q
The spectroscopic quadrupole moment Q (a scalar) says it all.
A
1
® + !
1
[— v
=
\
and [ |
\ /
N -
R(#) a(l+ 3Y2(0)+ B Y HO)+...)

Trends in the (spectroscopic) quadrupole moment

[am eZ , o

e() ~ ja*
Qis large if: o pis large (strongly deformed nuclei)
e ais large (heavy nuclei)
T T T T T T T T
3000 ) - " . .
« oscillating behaviour due to
- . - nuclear shell structure
5 . .
E 2000} . . * increasing trend due to a-dependence
g
1000 -
. . e
g B .
ot .
PRI R0 a X BIE N . \
25 50 75 125A 150 175 200

mass number
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Trends in the mean square nuclear radius
Extensive experimental tabulation by I. Angeli (2004)
global summary of trend: \/m = 1.153A4%29% fim
(just a snippet) L Ange ic Data and Nucle

Tabk
z Kl R (fm)

Rilm) AR (fm) z El i R ifm) AR

[[TRTIE

magnetic nuclear multipole moments
» What we discussed so far is the scalar potential due to a static charge distribution,
developed into multipole components.

« A similar story applies to the vector potential due to a static current distribution,

which can be developed into multipole components as well (mathematically a bit
more involved).

* The parity of these magnetic nuclear multipole moments is different: odd terms
survive.

* The first non-zero term is the magnetic dipole moment (a vector).

* The second non-zero is the magnetic octupole moment (a tensor of rank 3).

magnetic nuclear multipole moments

nmagnetic

dipole Q
1)
+ magnetic ©
S —— octupole O O
+

current distribution

(a vector)

(tensor of
rank 3)

stefaan.cottenier@ugent.be
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Why are odd electric nuclear multipole moments zero ?

« Definition of the parity operator in 3D :
change the sign of all three dimensions: x>-x, y=>-y, z>-z, hence r>-r

why are odd o
electric moments zero ? ANI P

P f(x) = f(-x) = +1 f(x) even

H * Integrals over all space for a function with odd parity are zero.
AVYAVVAVYA y p e r I n e C O u rS e .Org « Observational fact: nuclear states have a well-defined parity (i.e. +1 or even, or -1 or odd)

1 2
Why are odd electric nuclear multipole moments zero ? Why are odd electric nuclear multipole moments zero ?
classical dipole moment: Qa / ap(F) di (x-component of dipole moment Symmetry explanation:
r vector only, as example)
- —
translate to quantum mechanics: () / Wy (F)xy di I
: Parity operator
Ix|I
—

Parity of p is always even (product of two states with the same parity).
Parity of the x-operator is odd.
The parity of the integrand is odd - the dipole moment expectation value is zero.
Imagine nuclei would have an electric dipole moment.

The parity operator leaves the spin unaffected.

The parity operator flips the dipole moment.

The orientation of the dipole moment w.r.t. the spin is changed.
=> this does not agree with parity being a good quantum number for nuclei
=> the electric dipole moment must be zero.

Why are odd electric nuclear multipole moments zero ?

Symmetry explanation:

Parity operator

——

Imagine nuclei would have an electric dipole moment.

The parity operator leaves the spin unaffected.

The parity operator flips the dipole moment.

The orientation of the dipole moment w.r.t. the spin is changed.
=> this does not agree with parity being a good quantum number for nuclei
=> the electric dipole moment must be zero.

(Vi Vy) = (dx/dt, dy/dt)

(xy) Parity operator

—

(-, -y) (-Vx -vy) = (d(-x)/dt, d(-y)/dt)

stefaan.cottenier@ugent.be
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Why is an oscillating multipole
multipole radiation not a good model

for a decaying nucleus

for QUANTUM Systems emitting radiation?

11 12

stefaan.cottenier@ugent.be 2



www.hyperfinecourse.org

10/02/2021

Why is an oscillating multipole
not a good model

for a decaying nucleus
emitting radiation?

1. a nucleus is not “powered”

13 14
Why is an oscillating multipole -
not a good model /%)
for a decaying nucleus
emitting radiation? |f)
1. a nucleus is not “powered”
2. a nucleus decays from one multipole moment
to another, it is not an oscillating
multipole moment.
15 16
[2)
(fI Hpn | f)
H,, + W
17 18
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=E1+E2+E3+..

electric multipole radiation

+M1+M2+M3+..
HTL’I’L + W magnetic multipole radiation

https://en.wikipedia.org/wiki/Multipolarity_of_gamma_radiation

19 20

stefaan.cottenier@ugent.be 4
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back to basics: the H- or He-atoms

When you studied H or He in your first courses on quantum physics,
you made the following approximations :

* non-relativistic

- effective electron-electron interactions (He, not H)
« infinitely heavy nucleus

* point nucleus

this course:
examine and exploit the new features that appear
once the approximation of a point charge nucleus

WWW. hyp e rfi n eCO u rse org has been abandonned.

SR\ s R 1 R —
3 - I, ——
.!,V: eV
I = =
e w I, —
kCV/Mev ;%:?‘z keV[MeV
I, i /
{
3 h 4
3 4
[, == relative orientationof Lvs. S 2 J 1, —= relative orientation of L vs. S 3 J
O — spin-orbit coupling (relativistic effect) S — spin-orbit coupling (relativistic effect)
— . smmomooooooooeeen fine structure
eV eV
IZ — ~-
I l 1 meV l I meV
A :
‘ [ —
- 5 o 5
5 6
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term symbol : 2515

P=1L-1
2= 5=1/2

Lwrt. S

Energy of the entire atom
slightly depends on the

———

2 different orientations of

J=L+S, .., |L-S|
=3/2,1/2

Encry, clectron volts

orientation of nucleus
with respect to electron cloud

I, ——

hyperfine structure

value of J \/
7 8
7 8
orientation of nucleus orientation of nucleus
N with respect to electron cloud : S with respect to electron cloud :
I, — nuclear magnetic moment (vector) L, — nuclear quadrupole moment (tensor)
magnetic hyperfine field (vector) electric-field gradient (tensor)
9 10
9 10

@) Very Important Pictures

Attention |

There will be 2 VIPs®™ in this course, and on the
following slide you have the first one.

11

stefaan.cottenier@ugent.be
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gravitational analogue

.
¢)
h fi :
www. NYPEIrTINECOUrSe .o
Fig. 2.1
1
Gravitational potential energy of this system = ) .
How to treat the double integral? = Laplace expansion
* gravitational potential energy of m, in the field of m;
or 1 _ re 1
+ gravitational potential energy of m, in the field of m, [re — 71| =Dy o+ on 11 Y™ (01, 61)Y{'(02, 62)
£ n.gq >
Epor = /pur.]lf_n'ruth'\ r. min (ry, ra)
' rs = max (ry, r9)
Potential field of m, at position r; : a)
4
Vari) = =G | . B = 4G [ [ pi(ripatrs (,\‘ g YO YO0 )
Ly -
And hence : /
b) c)
Epot = 4://%,/,-] dr ’ 2 )
" Sida ra—mil
3
Condition: consider only cases for which any r; is smaller than any r;
Assumption: the mass distributions are such that any ry is smaller than any r,
Consequence: r,=r;
ry=ry
a) .
' Imagine an example where . / / it Y A ol 1 - ) i P
this is not fulfilled.. Epot = =47 G | | pr(ro)pa(ra) | 2 =37 5y Yo (01 0¥ (00, 6) | dry dry
b ¢ J neyrn
) ) Eoot Z QU
¥ ° . n.q
Q= \/ﬁ \/1/'1("1) i Y (61, é1) dry
- 1 PolTR) o \ die
L" n+1 Jy pptt 1 (02, 92 dr
5
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Discussion : Discussion :
monopole term dipole term
A o
monopole moment Q4 =m scalar dipole moment Q= V3 /1f’1(’1) Y (01 e0)dre vector
. [ P2lre) . - .
monopole field vy =-c / ral dry  scalar dipole field vie-¢ /% /”_2<_722) Y} (02, 62) drs vector
. 2 - 2 7'.2
monopole energy EQ = Qbvp dot product  scalar dipole energy ED = 3 Qrv! dot product & scalar
ot
! q=-1,0,1 o
7 8
7 8
interpretationof the  ,  v2 ., : . .
dipole moment of my: e = 5 (@~ Q) Discussion :
V/"4|{p‘| ry sinfl cos o dry qundrupole term
/,m.-.,p],f.v‘ N quadrupole moment  ¢)? \ ol [,,,A.-,;.f};—';u, oy)dry  tensor
N position vector of > N
Qy / p(ry) yrdry center of mass of m; quadrupole field Vi Y (0. 0y)dr, tensor
J1
Q /,J, (r1) 21 dry quadrupole energy ES) dot product 2 scalar
J1
interpretation of the v/, e / f"“'f;’] T dry
dipole field by m,: 2 raf
V,=—¢ [ 20 g .
A A wary opposite of the
il gravitational field
V. @ = by m; at the origin
9 10
9 10
quadrupole moment : quadrupole field :
Q@ i (r :‘:lcir ,,'; Z{;jj:'h.f ::,‘ iy dr -symme'rric Ve dry -symme'rric
Qun = [ mlm = 1 Vslu 1 ‘," ! - trace-less (show) el . * trace-less (show)
Ll B | i1 -1 . 1
The meaning of this tensor is more
clear when deriving it using a
. Vi s 2*vyl) o° cartesian Taylor expansion:
N /[ N\ LA i T
)\ [o===2\ => (gravitational) field
: /} gradient tensor
\ /
A Traceless?
9V, (0 V(0 PV, (0
AVy(0) = 012; ) 0 d;g ) 4+ J’,() ) _ 47 G pa(0)
Fig. 2.2. A spherical, prolate and oblate mass distribution (with respect ’ i
to the z-aris) Poisson equation
11 12
11 12
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*monopole and dipole terms from Taylor expansion are identical
. . . . to the Laplace expansion
Taylor expansion of a scalar function defined on a vector domain: -difference in the quadrupole term:
Consider a function
flr [L.;,, B.1) N 1 f;)l(rl).r% dry f{'1(7'1)-l'1}/1 dry f/)l('l'])«l"l/:l dry
A ED = 5 | Lerryzidry [pi(routdee [ pi(r)zde
The integral runs over that part of space where g(r.) is not zero, which might - fﬂl(rl):m'l dry fpl(m),:lyl dry f/)l(m):f dry
be a finite If gis the
electric or gravitational potential in a point r (apart from an appropriate
factor). That point can be either inside or outside the n
g (Fig. B-1"**). If it lics inside, the ot in the
and we have he integral. The latte
mined by the | e that we know the value of f {321 )
and of all its derivatives at the origin 0. What we want to know is the valuc K@ 1 ) - {3}
of f at points r = (r, y, =) tha way from 0. This means we need 3 (B2}
a Taylor expansion of f(r) al form of a Taylor expansion L
wound 0 for a function with vectors as argument, is:
fo+r =Y '. r-Vo) fir J B2 3y
e U] im0 >
we
dot product between scalars, vectors, tensors,...
A0
13 59 14
{2y — o (3 ) {30121) no overlap monopole dipole quadrupole
1 - P, el P - term term term
6 {3uyr1 } {347} - i} {321}
' {32101} {321} {32
Pra0) _ L‘_ﬂ position vector uadrupole moment
! m mass of m; center of mass g . P
8 V,(0) 2V, (0) AV, (0) 8V, (0) of my 1
0z10m T 3 210w
: , . opposite of gradient of
et d Aa{0) m, E:‘r;r:‘r::l by me field by m, gravitional field
9 at origin by m; at origin
| {ri} o o 0 0
ooty o ava0) g with overlap
0 0 {"T} 0 0 J\}m
correction
. ) depending on the
monopole shift : E“Q(Sg' L VO = 54V2(0) G size of m; and the
a mass contribution of
47 G, . L.
= / p1(r1) 72 dry m, at the origin
only if m, extends up to the origin !
(i.e. impossible if always ry < r, = this was a more general derivation) 15 16

15

stefaan.cottenier@ugent.be
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the double ring

ww. Nyperfinecourse .o

Example: a dumb-bell and a double ring.

total mass of dumbbell: m;
total mass of double ring: m, >
%ﬂl—‘

monopole energy : EQ _y©

(0
‘pot sh s

Qi

Gmymy

L sin# cosf sin
' 1

cos20

quadrupole field due to double ring:

: SR(R? + k)3

¢ sinfl cost cose

|

: 2 )12 1 00
ye Gma(h” = 2R [ 0 w} (diagonal! & PAS)
i

quadrupole energy :

(dot product between tensors = term by term multiplication, no matrix multiplication)

1o : 3Gmymy 1§ (h* — 2R?
7(2‘(\7)‘) ) ",(h_y, _ _3Gmumyly (h °)

- . — (2cos26 — sin6)
6 ‘ 2R(R? + &

quadrupole energy
8
A
g

angle 6

(picture made for a=1)

quadrupole energy :
(dot product between tensors = term by term multiplication, no matrix multiplication)

3Gmyms l'f (h? — 2R?
32R(R? +

o _
o v - (2eost 0

6 v

quadrupole energy :

(dot product between tensors = term by term multiplication, no matrix multiplication)

1o : 3Gmymy 1§ (h* — 2R?
7(2‘(\7)‘) ) ",(h_y, _ _3Gmumyly (h °)

- E — @ (2cos26 — sin6)
6 ‘ 32R(R2 + &

\ (picture for o > 0)

stefaan.cottenier@ugent.be
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perturbation theory
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recapitulation: perturbation theory

Assuming we know eigenvalues and eigenfunctions of a hamiltonian Hy:
H“ | ng > = E:j ng >

what are the eigenvalues and eigenfunctions of a hamiltonian H that has the form

H 11..-11[L~:;'113«...

where ¢ is a small number (<< 1) ?

(Note: H, can be zero).

2
Example 1: charged particle in an infinitely deep potential well
. K2 2
H = —— -~
B 2m da?
. a2, ) o N
Eon = a2 - (N =1,23,..)
2 Nra
Hz) = /2 sin 22
Wy n(x) \" o sin—
3

stefaan.cottenier@ugent.be
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(pictures taken from Wikipedia)

perturbation: constant electric field
electric field:  Fi(z) = K@,
potential energy: l"(.r) = 7r]]\'.r
perturbing operator: Hl — 7(][\";,
H=H+H
h? d? .
——— — gKkz
2m dzr? 1
f f hamiltoni 3 + 2gmE
orm of hamiltonian X —— 5 x
da? K2
small if the electric field is not too strong

recapitulation: perturbation theory

Solution up to first order in ¢ :
1) non-degenerate case

For eigenvalues that are non-degenerate (i.e. H, does not lift any degeneracy),
the new eigenvalues and eigenfunctions are given by:

AE}, =<ng| Hi|ne>
=) Ei=E" + eAE!}

|lN||>

R <myg| Hy|ng>
ng > E —_——

E0 _ EO
m#n n “m

= [n>=|ng> +€/n >

stefaan.cottenier@ugent.be
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recapitulation: perturbation theory
Application to example 1:

AE) = (Von|Hy |[Ton)
2qK 5 N7z
- /a? sin® (71—1 dr

Downward shift of all levels, independent of N.

Exercise: find the wave functions and probability density.

recapitulation: perturbation theory

Solution up to first order in ¢ :

2) I-fold degenerate case

For eigenvalues that are degenerate (i.e. H, does lift a degeneracy),
the new eigenvalues and eigenfunctions are found by this procedure:

=> orthonormalize
Find an orthonormal basis |7, > for the I-dimensional subspace

=> diagonalize
The | energy corrections are found as the | eigenvalues of this matrix:

<njleHy|nl> <nd|eHi|n2> --- <nb|eHy|nh>
<n|eHy|n)> <nd|eH | nZ> - <n?|eH|nf>
<nb|eHy|np> <nf|eH |n3> --- <nf|eH|nf>

The new eigenstates are the eigenvectors of this matrix.

recapitulation: perturbation theory

Example 2: free electron under an applied magnetic field

without field, up and down spin are degenerate: lI’] \T’J

Hy I
H, ji-B

(U] S Ty) (U] S.[) ] _ [3h 0
(W] S [Wy) (WS, |W,) 0 —3h

This is already diagonal.

stefaan.cottenier@ugent.be
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recapitulation: perturbation theory

A derivation and more examples can be found at
http://en.wikipedia.org/wiki/Perturbation_theory_(quantum_mechanics)

(section 2.1, 2.2 and 5)

stefaan.cottenier@ugent.be
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quantum
multipole expansion

ww. Nyperfinecourse .o

*» We did discuss the multipole expansion for a classical system

+ We did discuss the perturbation theory method

2 We will now discuss the multipole expansion
for a quantum system. We will conclude it is
identical to the classical case,
except for the role of perturbation theory.

multipole expansion in quantum physics

1) Description of a free nucleus

IIH - In e [)‘:.rm.
H,|I)=E; |I)

separated by keV/MeV

stefaan.cottenier@ugent.be
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multipole expansion in quantum physics

2) Description of a free electron cloud
. .
Hv =1 e T U ce

Hc ‘/C“C,) =k,

¥

~~——> unbound

multipole expansion in quantum physics

3) Description of nucleus that is NOT interacting with an electron cloud
(Auo1 + 10 A.)T@v) = (Br + E) I ® )

(somewhat artificial, this is combining
the two independent systems in one
mathematical picture)

multipole expansion in quantum physics

4) Description of a nucleus that is interacting with an electron cloud

Hamittonian: 1n+1 H, + Q&G ‘7'
It is the interaction term that makes life difficult. We can make a multipole expansion:
QeV=Q0eV® 4 gWeV® + B VA + ...

This leads to a hierarchy in energy scales (= perturbation theory will be convenient!) :

Tn® L+ Uy ® 1|1, + Uy, keV — MeV|nuclear energy levels
MeT, + 12U, + QO e VOIL, + U, + EW| eV (meV) |atomic energy levels
Ve VM 4+ @ VAIED + F pel hyperfine structure

stefaan.cottenier@ugent.be
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multipole expansion in quantum physics

In the multipole-expanded formal hamiltonian, we will treat all nuclear properties
as phenomenological parameters that are known (Z, I, Q, p, <r?>,...)

The electronic properties will be kept as operators, and will have to be solved for.

H,, @l + 1& Hr + Qul; "\(ii ' th ‘-(il 4
-
known the usual electron problem
(you solved the hydrogen atom this way)
~
~—
known

H

small correction

multipole expansion in quantum physics

Solution of the usual problem:
Eq ——<1.'f"' 1| |1 l.~,'"‘>

é’ this wave function can be considered as known

(found by ab initio calculations for atoms, molecules or solids)

Eue 7 Bo + <:_',"” 1!1’1.!1 a-:'”>

known known known known

energy corrections due to nuclear shape
are computable ! (first order perturbation)

multipole expansion in quantum physics
(charge-charge interaction)

The gravitational problem is fully equivalent to the quantum problem,
except for the need to use perturbation theory.

Translation for the charge-charge interaction:

<hltn>=<II>=1 = [wirur)d, = 2 [ o,

n

- ) I '
<te|Pe> =1 / Pr(re)e(r.) dr, e / pe(re)dr.

pot = o

=Ty,
1 .

Ty T 2N

iy e €7 |::> —L(z'gzaf\ E 1T & e)
L 2 dmey Te— Tnl

My e+ —eN ) )
multipole expansion

i
Ieg .
PR Ry gy S
wde o=l
Z

stefaan.cottenier@ugent.be
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multipole expansion in quantum physics
(charge-charge interaction)

multipole expansion of the hamiltonian :

2NZ = 1 " ;
H i (Z :”f, s Y™8,, ¢,)-Y"(0,. ¢, })
T

we assume here that electrons do not penetrate
into the nucleus

10
multipole expansion in quantum physics
(charge-charge interaction)

Ea = (3
H,
n ; ol nym !
Q) = eZ\| o (I|r{Y] (0n. éu) | nuclear multipole moments
\ 2n+1 (lousely computable in ab initio
nuclear physics theory — we take
it as a (experimentally) given object)
" eN 1 | 1 vn o\ ) _ )
l‘, — \ e <r; ﬁ}.f (O, @) |0 ) electric multipole fields
Vvdreg 2n 1 e / (reasonably well computable
in ab initio “electron” theory
[=atoms, molecules, solids])
1
multipole expansion in quantum physics
(charge-charge interaction)
eNZ e2NZ (72 ., »
Haf® 40, +1 40, f— (’—':}'*-U‘_H..W'*uﬁ“_““.)
Imeg r, e r}
Ho N
* odd terms vanish
« truncate after quadrupole term
- ) 0 : 0
Ew = Eo + (v 01| A |[10u®)
known known known known
known
12
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multipole expansion in quantum physics
(current-current interaction)

I
Vector potential due to a given current distribution: A(r) o [

r r

Energy for the interaction between Eo / Inlrs) - Ag(r,)dr,

o [ [Inlra)-ge(r.
Ho / /‘M.Ir,, dr,
iz J, J. Te =Ty

two current distributions :

Multipole expansion (different mathematics
due to vector quantities) :

» magnetic multipole fields
Even terms vanish — dipole term is the leading one :

dipole hamiltonian: — je; - B(0)

j(r) :
J_;u'r

* nuclear magnetic multipole moments

13
multipole expansion in quantum physics
(summary / overview)

We want to have the energy corrections due to H;, with and without overlap :
HxT,+Uu
H,

14
multipole expansion in quantum physics
(summary / overview)

Fi ‘monopole dipole quadrupole octupole
charge-charge | et [a] g ——— N
(no overlap) | steture % [b]

Qvo) i
e . " /
—
e N T
(overlap) e 7 el
affe}e o) -
orbital ficld /
cutrent-current] \ spia dipobe ik \ < -
(no overlap)
v \\ 8, / g,
" p— -
g::::)c R >< e (o0 small
Bebewakept | N
/
Fig. 8.1. A schematic overview of all contributions to electric (charge-
charge) and magnetic (current-current) hyperfine fields, ordered ac-
cording to their multipole order, and split into shape-dependent and
size-dependent contribution. Contributions that do not exist are barred,
contributions that are too small to be relevant are indicated. When a
dashed line is present in a box, the contribution above the line does not
vanish for a point nucles, while the contribution below the line does.
Explaining this scheme is the task of chapters | to 7.
the letters in square brackets refer to the next page). 15
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multipole

expansion in quantum physics
) (summary / overview)

« multipole interaction
« first order multipole shift
« second order multipole shift

summary

apart from perturbation theory.

The quantum case is as the classical (gravitation) case,

We have a roadmap of the kind of interactions we have to study.

stefaan.cottenier@ugent.be
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monopole shift

ww. Nyperfinecourse .o

overview for the charge-charge case

Tnble w ‘ —pe « multipole interaction
teonl . o5 . « first order multipole shift
« second order multipole shift

overview for the charge-charge case

This is what one usually does.
Example for a single atom (if Z=1: hydrogen) :

Vi . R o)
Qoo = N pr(F) dF EGOJ QooVoo
_e2y |
=<z = o (W)
L VB oo 4rcg r
v per) 4
Ameq VAn . r

—e 1
— (V.| —|¥.
dmey (el r‘ !
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overview for the charge-charge case

3 } A Y] ‘ lus
- @ T

This is what one usually does.

Example for a single atom (if Z=1: hydrogen) :
[ = n=oo i} A
n=3 EY QooVoo
. n=2 2,
R _ =’z 1
. &‘; @ v (| = |Te)
f\:\*&og
n=1

overview for the charge-charge case

Corrections due to the shape

of the nucleus (quadrupole moment,
hexadecapole moment,....) in the
case without overlap

overview for the charge-charge case

: quasi moment

M [PYoa) | e Y]

7 x Aw(C | V
Vi x diye i V Av(0) | 7
H x r'Y 1 e ¥ |
Vin . , HDI y ‘

The influence of overlap:

« first order monopole shift (well-known)
« first order quadrupole shift (recent advancement)
« first order hexadecapole shift (extremely small)
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overview for the charge-charge

case

The influence of overlap:

« (the rest is too small)

: quasi moment
M (PYoa] | o M ] 7
2o PO Avp) MK I v Atei0) J M
o 1 T () 1 -
A V ) q V An(( J'E\ 3

« second order monopole shift (known but exotic)

first-order monopole shift

monopole term, no overlap :

. o 2Nz
E™ Er+ (v©O e I|T,+ 0, - === 2

first-order monopole shift
monopole term, with overlap :

Look back at the gravitational result :

e 1 ; e 2
monopole shift : = QU . v = rJ‘_\12[0] (r?)

A7 G, 5
= / pilry)ry dry
only if m, extends up to the origin |

Translate this to operators/expectation values for the quantum case:

monopole shift o (U, @ I| §(F) @ 72 |W, @ I)

small perturbation operator

unperturbed wave function
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first-order monopole shift

Final result :

EL) = E,

b — p(0) (rs

Geg
or

ey - a5 () - )

74
monopole moment = N \ J
eZ Y

monopole field = Extra potential at the nucleus,
potential at the nucleus, depends on point property of
depends on integral property electrons and integral property
of electrons. of nucleus.
Vanishes if :

« the nucleus is a point, or
« the electrons do not enter the nucleus

10
do electrons enter the nucleus ?
Go back to the H-atoms and check the equations on http://winter.group.shef.ac.uk/orbitron/
(take any orbital at the left, then choose the tab ‘equations’ on top).
c 02 Estimate the order
2 of magnitude of the
3 .
g o monopole shift energy
o (use the non-relativistic
& 01 equation for H-atom
H s wave functions, and
£ ow the nuclear radius
Y trend seen in the first
€ 0® lecture.
g
5 000
1 2 i
g 05
distance from the nucleus
« non-relativistic s-electrons do have a non-zero wave-function at r=0.
« the same holds for relativistic p,, electrons
11
the electric monopole shift
I3 _ The monopole shift is

always positive.

for isotope/isomer 2

L

for isotope/isomer 1

keV/MeV

isotope/isomer 2

/

isotope/isomer 1

~_ 2 isotopes of the same element may have different radii : isotope shift
2 states (isomers) of the same nucleus may have different radii : isomer shift

12
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experimental consequence: isotope shift

What:

levels in the atomic spectra of different isotopes
of the same element are shifted {by the
monopole shift).

We will later encounter the isomer shift :
for the same isotope, levels do depend on the
nuclear state (“isomer”).

(shifts in this picture are due to the mass of the isotope
~ see lecture 2 - as well as to the isotope shift)

13

overview for the charge-charge case

The influence of overlap:

« second order monopole shift (known but exotic)

=> much smaller (4" power of the nuclear radius)

=> nevertheless relevant for exotic cases: muonic atoms
(atoms where one of the electrons is replaced by a much
heavier muon = closer to the nucleus, more overlap)

http://en.wikipedia.org/wiki/Exotic_atom#Muonic_atoms
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a toy model for
the monopole shift

ww. Nyperfinecourse .o
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Exactly solvable classical toy model : no electrons in nucleus

b) .
tmo0 )

2d

1

Eo(B) = —2C<

= + C=e/(4ng)
. \//2 sin? @ + (d — Lcos)® Ve sin® 6+ (d + cosB)°

Exactly solvable classical toy model : no electrons in nucleus
) 9 b) e
vz Yo m]m ®
2
X
e x . 0 30 60 ()(dag)go 120 150 180
A -3.95
3 400 /’fﬁ\‘\ — B
A e e e SN e, E
< A
EA I ~— E
Z =405 B
E /\ —— EtmO
PR PR < B TR | EtarxA
g == Ea&
g -4.15 V \ E:CB
=420 J
1 1 \
Eo(6) = 20| +— C = f{dngy)
y/@sin” 04 (d—Lcos8)?  \/2sin?0 4 (d 1 LcosO)’ )
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Exactly solvable classical toy model : with electrons in nucleus

c)
tmA ’

Interaction Energy (e%/47c)

. iy, —2eC
Er(0) = Eo(®)+— 7

Exactly solvable classical toy model : isotope shift

® A ®

2eC
el
(e
T,

Eu(9) = Eo(8)+
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magnetic hyperfine interaction
in free atoms

«w. hyperfinecourse .

3/03/2021
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coupling of angular momenta: L-S

We'll remind first what you saw in earlier courses on the coupling
of orbital and spin angular momenta in an atom:

The problem: “For a given shell (n,l), how do a given number of electrons
occupy the available orbitals?”

Example: C (n=2, I=1), 2 p-electrons

There are 6 different orbitals (m=-1,0,+1

and this for either spin), hence 6x6=36 possibilities
to put these 2 electrons. Which of those 36
possibilities has the lowest energy (and will
therefore be found as the ground state in Nature)?

Hund’s rules provide you with an algorithm to find this ground state
(no mathematical justification — these rules were originally derived from experimental trends)

2

coupling of angular momenta: L-S

15t Hund’s rule

Only configurations where the total S is maximal should be considered further.

Sis found as the absolute value of the sum of
all mg values

Our example: only states with S=1 (twice mg=+1/2
or twice mg=-1/2) should be considered further.

2"d Hund’s rule

Within the previous set, only configurations where the total L is maximal
should be considered further.

Lis found as the absolute value of the sum of
all m_values

Our example: states with S=1 cannot contain 2 electrons
in the same m_orbital. Hence, the maximal L
is L=1 (two electrons in m =+1,0, or in m_=-1,0) 4

coupling of angular momenta: L-S

How many of our 36 states are left if we restrict ourselves to S=1 and L=1?

Two ways to count:

First way :

S=1 can have three different orientations (25+1=3; mg=-1,0,+1)
L=1 can have three different orientations (2L+1=3; m =-1,0,+1)

= 3x3=9 out of 36
Second way:

Angular momenta coupling rules: S=1 and L=1 can couple to J=L+S,..,|L-S| =2,1,0
Each J-value has 2J+1 orientations: 5, 3, 1

= 5+3+1=9 out of 36

stefaan.cottenier@ugent.be

coupling of angular momenta: L-S
Which of the remaining (9) states is the ground state?
« If there is no interaction between L and S, all these states are degenerate.
« If there is interaction (spin-orbit coupling), some will have a lower energy than others
34 Hund’s rule
Of the remaining states, those with the lowest energy are the ones with

«  Jminimal if the shell is less than half-filled
*  Jmaximal if the shell is more than half-filled

Physical picture: mutual orientation of L and S

Example: 2 electrons in a p-shell is less than half-filled
= J=0 has the lowest energy.




www.hyperfinecourse.org

P Lel /_\ :

3=5=1

3 different orientations of
Lw.rt.S: I~ 7
7:2,1,0 ‘ L : I I I

Energy of the entire atom
slightly depends on the
value of J

3/03/2021

coupling of angular momenta: L-S

Landé’s interval rule:

EJ_EJ—'] J

Ej—Ejp 1

coupling of angular momenta: I-J

A nucleus with spin | has 21+1 possible orientations.
An electron cloud with total angular momentum J has 2J+1 possible orientations.

If there is no interaction between | and J, all these (21+1)x(2J+1) possibilities
have the same energy.

| is related to the nuclear magnetic moment (dipole moment for the current-current case)
Each J state provides a specific magnetic hyperfine field  (dipole field for the
current-current case)
=> | and J do interact
= which mutual orientation of | and J corresponds to the lowest energy?

We will discuss this in terms of a new total angular momentum F:
F=1I+JI+J-1, ... |I-J|

Each value of F corresponds to a different mutual orientation of | and J.
For a given F, different values of mg correspond to a rotation
of the atom as a whole (mutual orientation is unaffected).

coupling of angular momenta: I-J
nuclear magnetic moment operator

L i experimentally known — the ‘size’ of the
My = 1h nuclear magnetic moment (scalar).

Magnetic hyperfine field operator:

= ﬂ J Let us consider this for the time being as known
Jh (experimentally or computable).

&=

J

The perturbing hamiltonian H,:
H;; = —je; - B(0)
uBj
K IJ
uBy r
WMAIT

coupling of angular momenta: I-J

Apply perturbation theory

The states of the unperturbed system are the |F> (direct product of |I> and |J>)

The perturbing hamiltonian is likely to lift degeneracies
=> perturbation theory for the degenrate case

Fortunately the |F> states are orthonormal already (property of
angular momentum eigenstates)

(O Fj5 [0) (1 F;510) (2, 10y (3 [0)
(O[5 1) (1] Hj; (1) (2] Hjj 1) (3] Hy 1)
(O H5[2) (11 H512) (21,120 (31H [2)
(O By [3) (11 H;13) (21, 13) (35, 13)

10

coupling of angular momenta: I-J

Only diagonal matrix elements will survive:
nBy
2h* I.J
nB;
20 1J

< F|H;;| F> <F|F?-P -7 F>

R(FF+1)-I1(I+1)-J(J+1))

L.
—al
2

Hence, no diagonalization needed, the matrix is already diagonal and the
eigenvalues (=energy corrections) can be read right away :

Coo O 0 0

Lo ey 0o

T 0 0 w0
0 0 0 Cu

11

stefaan.cottenier@ugent.be

12
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coupling of angular momenta: I-J coupling of angular momenta: I-J
Energy difference between two subsequent transitions (cfr. Landé interval rule):
This formalism applies to
Er —Ep_y F(F+1)-(F-1)F F ) )
E Era (F-DF-(F-20(F-1D F-1 « free atoms or free ions [rigorously]
F-1=5F-2 ~ - atoms in ionic compounts (salts) [qualitatively]
Level scheme : "1 ey
14a .
Fig- 5.1
13 14
13 14

stefaan.cottenier@ugent.be 3
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magnetic hyperfine interactions in solids
The presence of a crystal lattice in a solid breaks the rotational invariance

of space — which is required to get to the concept of |F> etc.
=> different formalism needed.

m a g n et I C hy p e rfl n e | nte ra Ct I O n The magnetic hyperfine field will have a fixed direction in space (not yet determined/specified

which direction). Take the z-axis of your axis system along this direction.
(This means we work in a PAS for the dipole interaction — see later.)

. .
I n S O | I d S Perturbation theory: [—> wave function for the point nucleus solid

<17

I juy |T) - <¢-,‘"'2B(()1 :w,"")
Iy |1) - B(0)

«w. Nyperfinecourse . Gl 50

nuclear wave function

magnetic hyperfine interactions in solids magnetic hyperfine interactions in solids

The presence of a crystal lattice in a solid breaks the rotational invariance
of space — which is required to get to the concept of |F> etc.

= different formalism needed. i = o
1 Ih

We don’t know explicit expression for the nuclear wave functions — how to overcome ?

The magnetic hyperfine field will have a fixed direction in space (not yet determined/specified
which direction). Take the z-axis of your axis system along this direction. I fLé fe. + f.e
(This means we work in a PAS for the dipole interaction — see later.)

Perturbation theory: wave function for the point nucleus solid

f+ =1, +if,/ j+ I, mp) = VIL+1) — my(my +1) R |1, my +1)

]—_'” (T iy T I =1,-il, I_|I,mr) = VI(I+1) — mg(mr— 1)k |I, mr—1)
I Iy Iy - B(0) computable by -
point-nucleus DFT Rewrite the magnetic moment operator as i _]’ ( I I )
Iy 1) B(0O) codes a sum of operators for which the nuclear 21h
L states are eigenfunctions — the eigenvalues no 1y
/ depend on quantities that can be iy = 55 ( 1)
2Ih i
experimentally determined. ¥
nuclear wave function jtr E
3 Ih 4
magnetic hyperfine interactions in solids Intermezzo: physical meaning of g,
In this way, we can express the nuclear matrix element that we need
in terms of the experimentally accessible quantities pu and I: Two vector properties of the nucleus: | and
; ’J " (u is related to interaction with magnetic fields, | plays a role in the weak
mi, I|fi |I, mp —my b, Gyromagneti ratio:
I . i m'ymy L GUN 5 X
They are related to each otherby g;: . = T ="
v L gnN
The sign of g, determines the orientation of u w.r.t. | __h

(i.e. we circumvent the lack of nuclear physics theoretical knowledge by
using experimental input).

m
u—_ ey
["/, T By 52 512 . T T . ¢ T
n |

12 12
320 32
Equidistant: 52 52
Eq*t — g g ptx By hwy g0 80 e
5 6

stefaan.cottenier@ugent.be
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In this way, we can express the nuclear matrix element that we need
in terms of the experimentally accessible quantities pu and I:

= ]J -
(myp I ji |1, my) = T™ Om,my

using experimental input).

e ey
Dyt O i ol
Ej

I

computable

=52

Equidistant:

Ejptt - By grpn By = hwy

magnetic hyperfine interactions in solids

(i.e. we circumvent the lack of nuclear physics theoretical knowledge by

3n
12
12
302
502
&<0

m,

32
-1/2
12
32

52
70

magnetic hyperfine interactions in solids
the hyperfine field operator

Without derivation:

B(O) _ 7”“"" <f'.ulli E

2mh ‘s

HEHo <I,'(”'
4w !

B 21’1{;/1(5 <i,'fl”:0'r3'(1") ‘L.’(m>

l,':“'> +

« orbital contribution
« spin dipolar contribution
« Fermi contact contribution

magnetic hyperfine interactions in solids
case studies

orbital hyperfine field:
dipolar hyperfine field:
Fermi contact hyperfine field:
1s+2s+3s (core):
4s (valence):

96 T
-0.03T

412 T
87T

Sum: =353 T

3/03/2021

magnetic hyperfine interactions in solids
the hyperfine field operator

Without derivation:

B 2!1{:Ilu <"_‘[n) o 8(r) ‘1,*,“”>

- 7!"1”"" A0) | E ,1{|»>
B{J) = 2xh <"' } 73 | Ve *
1B <r.'“" a--:i(q-e,)e, L'“,)> i
4m ! r3 ‘

11

stefaan.cottenier@ugent.be

8
magnetic hyperfine interactions in solids
the hyperfine field operator
Bt = Baip * Bowy + Bremi
> By, = electron as bar » By, = electron as current
magnet loop
|
» Bgemi = €lectron in nucleus
E (+ other contributions from the atomic
moments of neighbouring atoms --
Lorentz construction; too much detail
i for our purpose)
2 3 »
_“f;“n ( W v (0) A) 10
10
magnetic hyperfine interactions in solids
symmetry properties
chemical
no cubic cubic
symmetry symmetry
12
12
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magnetic hyperfine interactions in solids
symmetry properties

no cubic cubic
symmetry symmetry
chemical ' I ' \ /
+
magnetic ' ' ' / \
no cubic no cubic cubic
symmetry symmetry symmetry
(if spin-orbit) 13
13
magnetic hyperfine interactions in solids
case studies
orbital hyperfine field: 96 T
dipolar hyperfine field: -0.03T
Fermi contact hyperfine field:
1s+2s+3s (core): 412 T
4s (valence): 37 T
Sum: 353 T
What does the sign mean:
Orientation of the hyperfine field (vector) with ' |
respect to the spin moment (vector) of the atom
By <0 By>0
15

15

stefaan.cottenier@ugent.be
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magnetic hyperfine interactions in solids
symmetry properties

orbital and spin dipolar
contributions vanish for
cubic symmetry

. . p ical +
chemical exactly, if chemical

symmetry is cubic
« approximately if only
chemical symmetry is cubic

cubic
symmetry

chemical \ /
+
magnetic / \

cubic
symmetry
14
magnetic hyperfine interactions in solids
case studies
chemical lattice:
Fe-I (cubic)
Fe-Il (non-cubic)
magnetic lattice:
Fe-I (non-cubic)
Fe-lla (non-cubic)
Fe-Ilb (non-cubic)
Fermi contact hff orbital hff dipolar hff
Fe-l Fe-lla Fe-llb Fe-l Fe-lla Fe-1lb Fe-l Fe-lla Fe-1lb
29.7 210 210 37 04 27 00 30 63 16
magnetic hyperfine interactions in solids
case studies
|isolated substitutional impurities in bcc-Fe |
IGeealieestl X Mapidel W Kepis "4- T % Tepin o w
*
1 =
i
}%
g
$ 0
*&M ‘* do F
1149 2
(D {00 2
[ -3
Vo ]
gl o £
R
il
i
' faam
i
\i
L 1 L 1 L 1 L7 1 L 800
0 0 W 0 s 6 70 s W 10
Atomic number (Z) of impurity
18

18
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case studies

« 50 years of experimental work

« a repeated trend through every period of the periodic table
« small and negative for s-groups
« S-shape for d-block

« huge fields with positive/negative transition for f-block
=> all this can be understood (not really the goal of this course)

magnetic hyperfine interactions in solids

« rising from small and negative to large and positive in p-block

y

19

stefaan.cottenier@ugent.be

3/03/2021
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overlap contribution
(magnetic hyperfine interaction

«w. hyperfinecourse .o

)

3/03/2021

overlap in the charge-charge interaction

What did we have for the charge-charge interaction:

0t order contribution for a point nucleus

overlap in the charge-charge interaction

What did we have for the charge-charge interaction:

first order correction to Ot order for overlap (or ‘extended nucleus’)

7 ray
— p(0) (1)

Geg

=> vanishes if the nucleus is a point...
=> ...even if the charge density at r=0 is not zero
=> correction is small w.r.t. regular monopole term.

Bohr-Weisskopf effect

Two different isotopes of the same element have a different nuclear moment.
The spatial distribution of this moment over the nuclear volume need not to
be homogeneous:

g = — / Buy - dy

1) Bring the two naked nuclei in an externally applied B and measure the
magnetic interaction energy. B is constant over the nuclear volume and
goes out of the integral:

B _pn

Ey  pp

2) Bring both nuclei in the same hyperfine field. This varies over the nuclear
volume and interacts with the (differently) distributed magnetic moments.
B does not get out the integral, which leads to:

ﬂfﬂ(

1+ @) = Bohr-Weisskopf effect
By pre

Q hyperfine anomaly (up to 2%) 5

stefaan.cottenier@ugent.be

overlap in the current-current interaction

Translate this to the leading term of the current-current interaction

dipole contribution first order correction

due to overlap

o(1) iy - B(O)

« orbital + Fermi contact contribution
* spin
\ 0 0

=> does not vanish if nucleus becomes a point

« field related to Bohr-Weisskopf effect

overlap < extended nucleus !

‘correction’ is often dominant w.r.t. regular dipole term (see bcc-Fe)
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from toy model
to quantum physics

ww. Nyperfinecourse .o

Overview for the charge-charge case

Corrections due to the shape
of the nucleus (quadrupole moment)
in the case without overlap

Exactly solvable classical toy model : no electrons in nucleus
z 0 (deg)
0 30 60 U(deg)QO 120 150 180 \g
3.95 &
Eq e
3 4.00 0 Y
3 -_—F, @X b
% ~4.05 EB
H tmo
£ 410 /\ Eav
£ | S | tmA
@ —— E av
2 415 E:CB
=4.20 2 1
—e 1 1
E(9) = 2 = e
® (471'6(1) (r n.)
/ \ ;
1 1 —e? 1 1
Eo(6) = *20( 7 S = C=2/(4mgy) =2 (1: ) + - =
Ly Psin? 0+ (d—Loos8)’  /12sin? 0+ (d+LcosB)? ) iR \/ﬂsm?e F(d—Ceos®)”  \/@sin?0+ (d+ Ccost)”
@ -€ e -€
Qoo +2¢ = total charge
. 1 —2e . . -
te \. . Voo = T [’ => electric potential at origin
e ¢
+e +2e g
% 1 4¢
Ey = 1 7 = monopole energy
TE, ¢
® ¢ e -¢e
EE NG A =2 NG A =2
I drupol \pol drupol
nucleus charge m “ nt ?HU:m;I:‘I:OE nucleus charge m o nt ?n‘fmz:':oe
electric ct electric-field electric ctNc | electric-field
electrons potential ield gradient electrons potential ield gradient
(EF6) (EFe)
(scalar)  (vector) (rank 2 (scalar) ~ (vector) (rank 2

tensor)

tensor)

stefaan.cottenier@ugent.be
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® -e ® - ) : 1 1 0 0
Qoo +2e > total charge | e 3F \L: ll| |:
. 1 —2e . . . -
te Voo = — => electric potential at origin te | 0 0
lmeg d y ) )
+e : 4 +e Qv 2el” 0 3sin“6 -1 sinf cos
. e” : 1 2
E) = N 7 = monopole energy 0 —sinfcosf 3cos?h — 1
TEo C
® ¢ ® - . ) )
E.(0) (2 cos= 0 — sin” )
0 (deg)
0 30 0 o 120 150 180 0 30
078 078
~ 079 - 0.79
7 NG 7 | o NEm A k2
I s I 08
§ 081 charge 0l quadrupole § 081 xact charge ol quadrupole
; nucleus 9 mogknt | moment ; eo| NUCleus 9 mdgknt | moment
-0.82 0.82
[, r i electric Cct\ electric-field [ electric CHi electric-field
= = 03 electrons | otential | field gradient electrons | potential | field gradient
084 (EF6) 0.84 (EF6)
(scalar)  (vector) (rank 2 (scalar)  (vector) (rank 2
tensor) tensor)
7 8
o 30 60 90 120 150 180
) . ) ° e -€ ® -€ e -€
The multipole expansion rapidly 02
converges if r /r, << 1. 04
+e +e
06
Toy problem: if | << d s . [ =
o +2 + +
[ 30 60 90 120 150 180 -1 e e e
078 ¢
2 - = 060
079 14 d ® e ® e ® e
0.8
-0.81
-0.82
. 0 30 60 o 120 150 180
0.83 ) 0.20 0.78
-
o8t d 0 30 60 %0 120 150 180 079
A -0.794
-0.796
If | becomes smaller w.r.t. d, then 0798 -0.81
« the quadrupole term becomes a 08 082
better approximation 0802 e
« the absolute value of the quadrupole p—
term becomes smaller o8 ‘ h 084
-0.808 n = 0.05
-0.81
9 10
® - ® - @ -€ ® - ® - @ -
1=1
+e +e +e m=0 +e 1=1
o oo I [ ) e — I —_—
+2e +e +e +2e +e +e -
® ¢ ® ¢ ® ¢ ® ¢ ® ¢ ® ¢
—
— —
—
1 12

11
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® - ® -
1=1
+e m=0
. [ = ) —_—
+2e +e
® ¢ ® ¢

m=0

all orientations allowed

quantum case:
only discrete orientations
allowed

13
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guadrupole operator

ww. hyperfinecourse .o

Content

dipole (last week) quadrupole (now)

« electric quadrupole interaction in solids
*  operator
*  symmetry
+  case-studies

« An extended nucleus

Quadrupole interaction

Apply first order perturbation:

2(g,, og) (2 Y2(0n, $n) ‘1 w0y

Can be separated because we do not consider charge-charge overlap:

E® n,0% 1 o) ¥
\ ~ element a sum of 5 terms)

« electric-field gradient at r=0, due to electrons
« tensor of rank 2 2 5 numbers
« can be computed by ab initio code
>we consider these 5 numbers as known
« these 5 numbers depend on the choice of axis system
(compare to a vector)

in general axis system:

\

6-1=5 numbers
(traceless)

5 numbers

(short-hand for the matrix of the degenerate case of
first order perturbation theory, with for every matrix

Quadrupole interaction

Apply first order perturbation:

2(g,, «,»1) (Y200, b)) ‘1 )

Can be separated because we do not consider charge-charge overlap:

£ 1.0@ ol y (short-hand for the matrix of the degenerate case of
s first order perturbation theory, with for every matrix

\ J element a sum of 5 terms)

« electric-field gradient at r=0, due to electrons
« tensor of rank 2 2 5 numbers
« can be computed by ab initio code
>we consider these 5 numbers as known
« these 5 numbers depend on the choice of axis system
(compare to a vector)

« there are axis systems where some of these 5 numbers
5 numbers \, vanish: Principal Axis System (PAS)
2 numbers + « symmetry properties often reveal the PAS
3 Euler angles « we will work in the PAS of the EFG, to limit the number of
Vs iV terms in the dot product (cfr. choice of Z-axis in magnetic case)
n=——% , 0<n<1

Quadrupole interaction

Apply first order perturbation:

( Ly, og) (2 Y2(0n, $n) ‘1 w0y

Sen

Can be separated because we do not consider charge-charge overlap:

\_Y_} element a sum of 5 terms)

« electric quadrupole moment operator of the nucleus

(short-hand for the matrix of the degenerate case of
first order perturbation theory, with for every matrix

« tensor of rank 2 < 5 operators 1 Q
« nuclear theory cannot provide its eigenvalues ab initio S EN T TR - on
=> a clever trick and experimental info are needed .
o determine experimentally the single number Q with
in an axis system fixed to the I-axis of the nucleus . -
(for now assume this can be done) PY2=_." (3
o write the Q-operators in terms of operators of which 2 “' Ir »
we know the eigenvalues (p. 99-101)
o note that we applied the same strategy for the "y
nuclear magnetic moment operator

Quadrupole interaction

Apply first order perturbation:

«,»1) (Y200, b)) ‘1 )

Can be separated because we do not consider charge-charge overlap:

(short-hand for the matrix of the degenerate case of
first order perturbation theory, with for every matrix
\_Y_} element a sum of 5 terms)

« electric quadrupole moment operator of the nucleus
« tensor of rank 2 < 5 operators
« nuclear theory cannot provide its eigenvalues ab initio
=> a clever trick and experimental info are needed
o determine experimentally the single number Q
in an axis system fixed to the I-axis of the nucleus
(for now assume this can be done)
o write the Q-operators in terms of operators of which
we know the eigenvalues (p. 99-101)
o note that we applied the same strategy for the
nuclear magnetic moment operator
o all matrix elements needed for the degenerate case
of 1st order perturbation theory can be written:

stefaan.cottenier@ugent.be
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Quadrupole interaction

After
« inserting the “5” numbers for the field gradient and
« transforming the 5 nuclear operators to a form with known eigenvalues,

we end up with this perturbing hamiltonian:
aR-r L+

h
2

of which all matrix elements-in the degenera

|I,m>—|e;““vels have to be evaluated
(=degenerate case of 1storder perturbation). /

v
numbers, computable by
ab initio (solid state/molecular) methods

number, known from
experimental nuclear physics

X®

lllustration for the toy problem:

z
-e
Electric-field gradient tensor:
1 00
te Y V@ o iF 0 ~10
wep 3d? .
+e 0o 0 2
« is already diagonal. The chosen axis system is a PAS.
-e «V,, is negative: at (0,0), E, decreases with z

*V,, is positive: at (0,0), E, increases with y

8
lllustration for the toy problem: . . - : :
y P Quadrupole interaction vs. magnetic dipole interaction
nuclear quadrupole moment tensor:
1 0 0 => Look back at the chapter on the magnetic dipole interaction, and try to
Q" 2e(* 0 3sin®f—1 sinf cos @ recognize all the steps on the previous slides in that derivation as well.
0 sinfeosf 3cos?h — 1 Every step made for the quadrupole interaction has an exact match for the
o . . magnetic dipole interaction (but with vectors rather than with tensors of rank 2).
The intrinsic properties of the nucleus are seen if you In contrast to what we will see in the next few slides for the quadrupole interaction,
examine this tensor in an axis system that is consistent with the level splitting due to the magnetic interaction in solids is equidistant.
the symmetry of the nucleus (Z // dumb-bell axis = direction of spin I)
[-1 0 0
Q® =272 | 0 10
0 0 2
Q,, is positive: prolate nucleus
YYou can consider the quadrupole moment tensor
for any orientation as the result of this ‘intrinsic’
quadrupole moment tensor, followed by a rotation.
This is the idea behind the nuclear operator
transformation on one of the previous slides: take
the intrinsic shape given by Q,,=Q (why are Q,, :
and Qy, fully determined by this?), and a rotation .
(givenyg)y the z-component of | in the given axis spherical prolate oblate
system). 10

stefaan.cottenier@ugent.be
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quadrupole interaction :
case studies & symmetry

Simplest case: =1 (I=0and I=

Non-zero matrix elements :
Pralt
1
LA "'J:" n
el

H1|H 1

010 :

Analytical examples

1/2 have Q=0)

Matrix for 1st order perturbation :

not ordered

ordered

ol
IS
|

ww. hyperfinecourse .o

2
1 2
Analytical examples Analytical examples
Simplest case: I=1  (1=0 and I=1/2 have Q=0) Simplest case: I=1  (1=0 and I=1/2 have Q=0)
After diagonalization e —> the nucleus has its spin axis in the xy-plane
0 L 1 0 n 0 —> the nucleus has its spin axis parallel to the z-axis
0 0 2
Graphical: Lo Graphical:
'\
+2
m=+1
+1
=1 =1
m=0
n=0 0 10 ! 3 n=0 0 10 ! 4

Analytical examples Return to the VIP:

Qualitatively similar to what we found for the toy problem:

Simplest case: I=1  (1=0 and I=1/2 have Q=0)

(V,, was negative there, Q was positive. The picture
hereunder renders m=0 with the highest energy if
Vzz is negative. The 1:2 ratio for the classical case N
. turns into a 2:1 ratio for the quantum case — not sure I
Graphical: whether or not this has a deep meaning...) 2

n= ° n#0 ! 5

stefaan.cottenier@ugent.be
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Return to the VIP:

(electronic ground state)

I

Analytical examples

Next simple case: I=3/2 (=0 and I=1/2 have Q=0)

Non-zero matrix elements :

1 1 , QY

Matrix for 1st order perturbation :

not ordered ordered
+3/2 +1/2 -1/2 -3/2 +3/2 -1/2 -3/2 +1/2
3 0 V3g © 3 V3p 0 0
Eo = eQ Ve 0 30 Ag||p12 kg = eQVe: | Vg 0 0

12 Vin 0 3 0 12 0 0 3 Vap

7 8
7 8
Analytical examples General statements
Next simple case: 1=3/2  (1=0and I=1/2 have Q=0) « integer spin
*1=0
After diagonalization = +m degeneracy
3 0 0 0 *n=0
wov. —=| 0o 3 0 o = +m degeneracy lifted in first order for m=1 (proof p. 107-109)
g = 0 14 7-7; 0 0 3 o = +m degeneracy lifted in higher orders for m>1
: 0 [1] 0 3
. * half-integer spin
Graphical: ov. <=0
: m=+3/2 = +m degeneracy
=0
= +m degeneracy not lifted
o Graphical illustration: fig. 6.2 (p. 109)
o Proof for distinction between integer and half-integer spin: p. 112-114
m=+1/2
n=0 n=0 1 9 10
9 10
General statements Experimental consequences
- _ g e ._ 3 The energy differences AE can be measured — see nuclear methods
=712 q =512 12972 discussed in later lectures.
Ul o « if Q is known from nuclear physics: measuring AE gives access to V,,
« if V,, is known from ab initio calculations: measuring AE gives access to Q
Q..
- . -I— - _— - i 1
5 ’ = =4 +2]
1=2 =3 -
wle ' “ m=+1
1™ " AE,
<Z | o _ 1=1 .
Fig. 8.2. @ \1\ AE,
7 QY. 12 - 1 2 m=0
n=0 0 =0 1
(sorry for this low-quality picture — it has an emotional justification) " 12

11
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Symmetry properties of the EFG tensor

EFG tensor = 5 numbers, depending on the choice of axis system
Theorem 1

« a 2-fold rotation axis can be chosen as z-axis of PAS

« a 3-fold (or more) rotation axis is z-axis of PAS and n=0.
Proof : p. 116
Theorem 2

Proof : p. 117

In solids, the situation of this second theorem appears only in 5 point groups,
which are all cubic (23, -43m, m-3, 432 and m-3m).

« If there are two or more 3-fold (or more) rotation axes, then the EFG tensor is zero.

Examples:

Symmetry properties of the EFG tensor

2 Fe-sites in Fe,N

Reconsider the 2 gravitational examples:

« understand why the EFG is (sometimes) axially symmetric
« discuss the situation where the EFG due to the double ring
bet-In is zero: can the 2" theorem be inverted?

13
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quadrupole interaction :
miscellaneous topics

ww. hyperfinecourse .o

ab initio calculation of the EFG tensor

« Calculating the EFG tensor for a real solid requires good knowledge of its
electron density.
« This was too complicated to calculate for a long time.
* Therefore, a dramatic approximation was frequently used: the point charge model
« replace the continuous electron density by positive point charges at the atomic sites
« calculate the EFG tensor due to this set of classical charges
« the (initially spherical) charge distribution of the atom at r=0 gets deformed
by this external EFG. This provides an additional EFG, proportional to the external
one. The proportionality factor (Sternheimer antishielding factor) can be estimated
from ab initio calculations on free ions
« an extra proportionality due to an EFG by unfilled orbitals of the atom at r=0
is present as well

Ve = (1=-K)(1 - 7o) Viott

« Very crude, but there was nothing better and many people strongly believed in this
for decades. However, it doesn’t really give much insight.

ab initio calculation of the EFG tensor

related to the second derivative of the density 1/r® strongly amplifies the region

/-\ close to the nucleus)

Once ab initio calculations became available,
it turned out that the EFG was dominated

by contributions from the region very close

to the nucleus: tails of the wave functions,
which carry over the influence of bonds with
the neighbouring atoms to the nuclear site.

the EFG is an integrated property, but the region
close to the nucleus contributes most.

P. Blaha et al., Phys. Rev. B 37 (1988) 2792

Temperature dependence of the EFG tensor

Summary of experimental observations:

V(T) = V,(0)(1-BT%)

7. T T T T T T

*—e
7 \
Medin cd
e .
with spd-electrons, very often a~1.5

'E 6F \—T” 4
& ]
3, 5Sh B
-:5 5 \
é -
5 ]
= 14F ]
£ q 1
§ 12 ]
@ LE 1

0;’ o 1 with f-electrons, very often 0~1.0

0.8+ Meg i Z\\ o

07k " ‘\\ R | . . .

06 +—<=I"" | sometimes more complicate behaviour appears

L L 1 L L w\’\'
& 100 200 300 400 500 600 700
T (K)

Temperature dependence of the EFG tensor

Long-standing question : is there an 4
analytical argument for the 0=1.5 ?

ab initio study of thermally induced vibrations
for Cd in hcp-Cd (supercell with 24 atoms) :
the order of magnitude is recovered.

Prohibitively long calculations on cells
with 2000 atoms would be needed
to get good numerical accuracy

=> this strongly suggests the 1.5 exponent
is the average of many harmonic modes,
and is more accidental than analytical.

D. Torumba et al., Phys. Rev. B 74 (2006) 144304

Combined magnetic/electric interaction

*The formalism remains the same as before
« write the combined hamiltonian
« find all matrix elements (degenerate 1%t order perturbation)
« diagonalize the matrix to find eigenvalues

« The general case can be technically involved, but important simpler situations exist:

« if one of the two interactions is much stronger than the other one, consider
the weak interaction as a new perturbation (i.e. you work in the PAS of the
dominant interaction)

« in all cases, expressions are simpler for an axially symmetric EFG

« the case where the magnetic hyperfine field is aligned with the z-axis of the
PAS of the EFG (i.e. the magnetic and electric PAS coincide) can be treated
exactly.

stefaan.cottenier@ugent.be
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Combined magnetic/electric interaction

Example for I=1, axially symmetric EFG, colinear interaction (no further approximation needed):

QV..
1
o +1-uB
m=+1 uB
-1-uB
m=0 0-uB
n=0
EFG only add HFF

Show yourself that in this case you get exactly the same result if you apply the HFF
first, and afterwards the EFG

Combined magnetic/electric interaction

Discuss the relative orientation
of the PAS of the magnetic and
electric interaction for all Fe sites.

Figure 1 Unit cell of ferromagnetic ~'-F
Fe-sites. Fe-I ha  moment than
out magnetis

N, with 3 inequivalent
and Fe-ITb. With-
The preferential
arrow) makes them inequiv-
fourfold rotation axis perperdicular to the
of the cube is perpendicular o the moment, for Fe-ITh
itis parallel to the moment.

direction of 1
alent: for
loca

8
7 8
An extended nucleus An extended nucleus
What did we have for the monopole term of the charge-charge interaction: Analogous effect for the quadrupole term:
e cond orde wele multipole
e M | 1 M e M x ¥ | M d M
c 3 MI [a] I ‘ ¢ Voo f M O o A P
O ‘|le }'!Iy 1; .,;.‘.}'}\i o2 .\..\‘ }‘2" } } I )
. H x r'Yaa [ ¥ 1 . H = r'Va H Y ]
eIt} .‘”’”‘”}mn‘-l ) ¢ [w 4 ._‘H,‘I.”}um‘ ‘ i { [I
c) An extra potential at the nucleus, that depends on nuclear d) An extra EFG at the nucleus, that depends on nuclear
tmA ‘ properties and on a point property of the electron system tmB ‘ properties and on a point property of the electron system
o £ &0 ey 120 150 180
9 10
9 10
An extended nucleus
Analogous effect for the quadrupole term:
e cond orde
5 M 1 A M
o -3 MI [a] 3 p d P
om | Famo Jan | o | ‘
o :’ “ “f‘ o }mn « : 3 ’ ¥ ‘[ i
An extra EFG at the nucleus, that depends on nuclear
properties and on a point property of the electron system
Very small !
K. Koch et al. Phys. Rev. A 81 (2010) 032507
http://dx.doi.org/10.1103/PhysRevA.81.032507
K. Rose and SC, Phys. Chem. Chem. Phys. 14 (2012) 11308
http://dx.doi.org/10.1039/c2cp40740j
11
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